A torus is a simple body with cylindrical rotational symmetry. The radius of gyration and scattering function of a torus have been derived in cylindrical coordinates. Some derivatives of a torus (torus with elliptical cross section, tubular torus and two stacked tori) have been treated in the same manner as the torus. The radii of gyration are given by simple formulae and the scattering curves are easily obtained by numerical calculation using a personal computer.
Introduction
The scattering functions of many triaxial bodies, e.g. the ellipsoid of revolution (Guinier, 1939) , the cylinder (Guinier & Fournet, 1955) , the rectangular prism (Mittelbach & Porod, 1961a) , the elliptic cylinder (Mittelbach & Porod, 1961b) , the ellipsoid (Mittelbach & Porod, 1962) , the isosceles triangular prism (Bode et al., 1972) , etc., were derived theoretically between 1930 and 1980. The radii of gyration of the bodies were also reported in the same period (Mittelbach, 1964) . The radii of gyration and the scattering functions constitute an important database for small-angle scattering studies with Xray, synchrotron and neutron radiation. Hiragi & Ihara (1981) have reported the radii of gyration and scattering functions of triaxial bodies that possess hollows at their centres. The data are useful for small-angle scattering studies of the structures and structural changes of oligometric enzymes in solution, since most of the oligometric enzymes, except dimers, have voids at their centres.
A torus is a basic triaxial body and has a simple shape with cylindrical rotational symmetry. However, to the author's knowledge, the scattering function has not yet been reported. Thus, the derivation of the scattering functions of a torus and its derivatives (torus with elliptical cross section, tubular torus and two stacked tori) in cylindrical coordinates is reported here, along with their radii of gyration. These results may also constitute a useful database for small-angle scattering studies.
Radius of gyration of the torus
A torus is a triaxial body with cylindrically rotational symmetry, as shown in Figs. 1(a) and 1(b). All the derivatives dealt with in this study have the same symmetry. In such a case, cylindrical coordinates are suitable for derivations of the radii of gyration and scattering functions.
The square of the radius of gyration is generally given by (Wilson, 1992) 
where &(r) is the electron density of the body and r is the position vector from the origin to an arbitrary point in real space. In cylindrical coordinates, (1) is presented as (Vainshtein, 1966 )
since x = rcos2, y = rsin2 and z = z (see Fig. 2a ). The torus is de®ned by two parameters a and b, where a is the radius of the circular cross section and b is the distance from the origin to the centre of the circular cross section, as shown in Fig. 1(b) . For simplicity, uniform electron density is assumed inside the torus. The square of the radius of gyration is given by R 2 g = M/V, where M is the second moment and V is the volume. The volume of the torus is given by
The second moment of the torus is given by
. The formulae of V and R 2 g are listed in Table 1 together with those of the derivatives of the torus.
Scattering function of the torus
The structure factor of a body is generally given by
where s is the scattering vector in reciprocal space and s = 2sin/! (2 is the scattering angle and ! is the wavelength). In cylindrical coordinates, (5) is
For a sample in solution, the solute particles have no preferred orientation and the scattering intensity should be averaged (Guinier & Fournet, 1955) . For simplicity, the scattering vector s can be placed on the XZ plane, because the amplitude of s does not depend on É. Fig. 2(b) shows the position of s in reciprocal space. denotes the angle between s and the Z axis. The average of I(s) is evaluated in the range 0 %/2 (Hiragi & Ihara, 1981) . With the scattering vector s on the XZ plane, X = ssin, Y = 0 and Z = scos, where s = |s| (see Fig. 2b ). Then s Á r Xx Yy Zz r cos 2 s sin zs cos X 7
Thus, the structure factor of a body with cylindrical rotational symmetry is given by
Finally, the scattering function I(s) is given by the average of |F(s, )| 2 in reciprocal space (Hiragi & Ihara, 1981) :
These calculations can be performed using a personal computer. For the torus, the structure factor is given by Finally, the scattering intensity I(s) of the torus is obtained by the average of |F(s, )| 2 in reciprocal space using (9). Fig. 3 shows scattering curves of a sphere, a torus and a hollow cylinder, all with the same volume. The zero-angle intensity I(0) is equal to the square of the volume of the body,
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V is the volume of a body; R since the electron density is homogeneous and unity. The curve of the sphere shows several zeros of intensity and the positions of the zeros, s, satisfy the relation 2%sR = tan(2%sR), where R is the radius of the sphere. The other curves do not have zeros of intensity because of the anisotropic shape.
The curve of the torus shows the ®rst minimum at around s = 0.092 AE 0.01 A Ê À1 , which is indicated by s*. As discussed later, the ®rst minimum is associated with the parameter b. The hollow cylinder with a square cross section is employed as an approximation of the torus. The curve resembles that of the torus except that the minimum at around s* is not clear in the case of the hollow cylinder.
The structure factor of the cylinder (radius a, height h) was obtained in the same manner as for the torus:
FsY aJ 1 2%sa sin sin%sh cos a%s 2 sin cos Y where J 1 is the Bessel function of the ®rst order. This formula is the same as that derived by Fournet (Guinier & Fournet, 1955) . Note that the formula of Fournet is normalized by volume and s = 4%sin/!. 
Torus with elliptical cross section
The torus with elliptical cross section is de®ned by three parameters, a, b and c, as shown in Table 1 . The structure factor F(s, ) of the torus with elliptical cross section is obtained from equation (14) 
1/2 . Fig. 5 shows scattering curves of the normal torus and two kinds of tori with elliptical cross sections, all with the same volume. The three curves are similar in the low-angle region and the s* values of the curves are similar. The curve of the oblate type (c/a = 0.5) is smoother than that of the prolate type (c/a = 2).
Tubular torus
The tubular torus is de®ned by three parameters, a 1 , a 2 and b, as shown in Fig. 6 . Here, a 1 and a 2 are the radii of the outer and the inner circles of the cross section, respectively. The volume and second moment are obtained from those of the normal torus by V = V 1 À V 2 and M = M 1 À M 2 , where V 1 and M 1 are the volume and second moment of the outer torus and V 2 and M 2 are those of the inner torus, respectively. The formulae of V and R 2 g are listed in Table 1 . The structure factor F(s, ) of the tubular torus is obtained by F(s, ) = F 1 (s, ) À F 2 (s, ), where F 1 (s, ) and F 2 (s, ) are the structure factors of the outer torus and the inner torus, respectively. Fig. 6 shows scattering curves of the normal torus and the tubular torus with the same volume. The s* values of the curves are similar.
Two stacked tori
The body consisting of the two stacked tori is de®ned by two parameters a and b, as shown in Fig. 7 . The volume is twice that of the normal torus. The second moment is given by
The formulae of V and R 2 g are listed in Table 1 . R 2 g of n stacked tori is given by the following equations. For n even (n = 2m, m ! 1),
For n odd (n = 2m + 1, m ! 1),
The structure factor of the two stacked tori is obtained by . Fig. 7 shows scattering curves of the normal torus and the two stacked tori with the same volume. The s* values of the curves are similar.
Conclusions
The radii of gyration and the scattering functions of a torus and its derivatives were obtained in cylindrical coordinates. In the scattering curves of the torus, the ®rst minimum is clearly observed in the low-angle region. The relation between the position s* and the parameter b was investigated. In summary, the results are as follows: (i) the value of s* is inversely proportional to the parameter b, since the value of s*b is almost constant ($0.43); (ii) the ®rst minimum is also observed for some derivatives of the torus at almost the same s* as for the normal torus; (iii) it is not clear at present why the relation holds for the torus. Normal torus (solid curve) and tubular torus (dashed curve) with the same volume. The solid curve is the same as that of the torus in Fig. 3 . The parameters b are the same. The inner radius a 2 of the cross section of the tubular torus is equal to a of the normal torus. The outer radius a 1 is 3.35 A Ê . Normal torus (solid curve) and two stacked tori (dashed curve) with the same volume. The solid curve is the same as that of the torus in Fig. 3 . The parameters b are the same and the radius a of the two stacked tori is 1.68 A Ê .
